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1.8 Introduction

Thiz €cil temperature ecstimation model was developed to assist
the HOT-2688 energyr analrsis computer program. HOT-2a6a6
currently simulates the enercy performance of air, water and
ground  source space heating heat pumps. Ta improve the accuracy
of ground scurce heat pumps, it iz neceszary to Know the
temperature profile of the zoil at a specitied depth (dependant
on heat pump placementy.

To estimate soil temperatures for & given location, thie model
uees two weather parameters +rom the HOT-2008 weather Ffiles.
These two parameters are the location’s average monthy ambient
dry air temperature and its annual heating deagree days. From
this information, the model can estimate the temperature of the
soil for any given depth at any time of the vear. The simplified
wezther requirements allow this model to bBe applied universally.

This paper outlines the me thodoloqy and derivation of the model
and how it is able to ectimate these zoil temperatures at varicus
depths. & statistical analveis of the estimated scil
temperatures to the actual data is presented in the conclucicon of
the report.

2.8 Temperature Profile Function

The first step in developing the mathematical model was to
decide on  an appropriate time functian to reprecent the
temperatures of the <soil during the wear for any particular
depth. It was found that a simple cosine function could be uced
to create this temperaturs profile. Test data acquired from
Agricul tural Canada Tech PBulletin 85 (1) confirmed that the
temperature profile closely matched a cosine function.



describe itself,
Referring to Fig.1, "A" represents
the mean temperature, This is =&
temperature in which cne half the
cosine curve lies above and cne half
lies below., "B" ie the amplitude of
the «curve, or a measure of how much — —
the temperature ocscillates. "R s \
the phase shift angle, and measures ‘\ B
the amount the curve is =zhifted to A \\
the right. \\
Thue the equation can be written as; o ef
Figel
T=aA *¥ cos(2 #* Pi # n / 8766 - P) €13
whersa:
T = temperature of socil at given depth and time of wvear (0
A = mean temperature of soil (O
2 = zoil temperature amplitude at given depth (C)
Fi = 2.1415%27
i = number of houre into wear (8744 hours. vear)
P = phase angls at given depth Jdegrees)
With Knowledge of &, E & P at a zpecified depth, the =soil
temperature for any time during the wear can be estimated.

cosine curve nesds only three variables to completelw
i i

2.1 Soil Temperature Modeling Proceedures

HOT-2808 weather files store ths average monthly ambient dry

air temperatures for each location. The heating degree days are

also stored. With thiz information the following procedure was

adopted:

The average monthy ambient dry zir temperatures are Fitted
to a cosine «curve wucing & least squares techniaue as
developed in Kusuda & Achenbach (2). For & complete
description of this technique,., refer to Appendix &, Thus an
Aa, Ba & Pa value is obtained.

2. It is an incorrect assumption *c assume . the temperature
profile of the coil at the surface of the ground matches the
ambient dry air temperature profiie. A ditference exists

for such factors as direct sunchine heating the ground
faster than air and snow in the winter insulating the ground
agxinst zevere cold air. Using three correlations involving
degree days, an As, Bs & Ps value is obtained for the soil

at the surface,. The development of thece correslaticons is
described in section 2.4. A=, Bs & Pz reprecent the maodified
values of the da, Ba & Pa values extracted from the air  in
step 1,

ha
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Tﬁ%g &éi}~ the diffusivity of the scil at any particular degree day
Ve location. The development of these correlations is dicscussed

* the mezan zoil temperature approaches a constant

. With the temperature profile defined at the ground surface,
the next step is to determine the corresponding temperature
profile for any depth. #&s the depth of the ground increases,

value,

Between thes surface and & 2 meter depth, the temperature
amplitude decreases and the phase shift angle shifts mare to
Q?’ the right C(increases). The diffusivity of the soil wil]
determine how much the amplitude decreases and how much the
phaze shift increases. The diffusivity is a measure of how
well the soil conducts heat. This differs at each location,
Y depending on soil composition and presence of moisture,
Correlations, again involving degree dave are used to find

in section 2.3.4. With this information found, the
following equation can now be applied;

T(x) = A Bs#b * cos(2 * Pi # n / 8746 - Ps - p) (22

where J (W ‘é T()(:OM)

Ti{x) = temperature of soil at depth x <C»

& = mean temperaturs oFf soil at surface (0

Es = soil temperature amplitude at =zurface ()

o = decrease in amplitude for depth x

Fi = 2.18159:27

ri = number of houre into wear (8744 hours vear)
F= = phase angle at surface

! = shift in phase angle for depth x

- determined by diffusivity.
2.2 Test Data

Fourty-eight Jlocations across Canad: where celected from
Bulletin 835. Thesz Ilocations were selected, as their monthly
ambient dry air temperatures and degree day values were available
from the HOT-20088 weather files. For each location, twelve
monthly average scil temperatues for zix different depthe were
obtained from Bulletin 35. The depths were 1lcm, 18cm, 28cm,
<fcm, 1688cm  and 1S8cm  from  the surfacs. A list of these
locations with their corresponding degree davs is presented in
Appendix C, ) '

2.3 Determining Location Soil Diffusivity

X
F ™ o
2.3.1 Calculated Diffusivity By Depth

%%9)

For each of the 48 laocaticons, & cosine curve was fitted to each
af the six depths. Thues a value of A, B & P were obtained for
each of the depth. From thic infarmation, the diffusivity of the
soil at each location could next be calculated., This was
calculated wusing the technigque described in Kusuda & Achenbach
(12, Thi=s method assumes homogeneous soil composition and

)



¥ homogenecous, hut the

permeability. In reality, scil is rarsiy
severely distort the average

effectz of this assumpticn do not
monthy derived scil temperatures,.

Using this technique the
wars. UOne was from the de
and the other by the incre
compared the changes again

Siffusivity was calculated in  two
rease in c@clic temperaturs ampli tude
ge in the phase angle. Eoth methods
t & given depth increase.

¢ depth and the amplitude
he remaining five depths
usivities., The lcm depth

The lcm depth was chosen as a refe
decreases and phase angle increases
were used to calculate five sets of di++ =4
was chosen as & reference simply because it is the closest to the
ground  surface, which is used as the model reference depth <as
described in section Z.1). Thus:

D1 = (Pi/8746) * ¢ (X/In(Bo/B) >*2 <3
and D2 = (Pi/8764) % ( (X/{P-Pao) >*2 (43
wherse:
Dl = amplitude diffusivity at given depth (m Z7h)
D2 = Dha:e diffusivity at given depth (m"Z753
Fi = 2.1415227
¥oo= aﬁruund depth - .81 (mJ
Bo = amplitude of temperature curve at lcm deoth <Co
Fo = phase angle of temperature curve at lcm depth
B = amplitude of temperature curve at giwer depth ¢C)
P = phase angle of temperature curve at given depth

2.2.2 Fitting Inconsistant Diffusivity Data

The two values, Dl & D2, should theoretically be idsntical, but
seldom were. This was due possibly to the fact that =& cozine
curve is oniy an approximation to the actual curwve. Hlsa, the
actual coi‘ from which the data is taksn from is zszsumed to he
homegenecus vet it reality, seldom was. Thus they were Kept
separats and were defined as “amplitude diffusivity’ and “phase
diffusivity’

Also, the calculated amplitude diffusivity tended to increase
with increased ground depth. Theoretically, it should have
remained constant, but continued to vary praporticonallx  with
ground depth. There is no definite reaszan why this was so. A
possible explanation could be an increase in soil derﬂity with
deeper ground depth. Thus the least sguares method was applied
to obtainm &2 linear esquaticon relating amplitude d|++u=1u|ty with
ground  depth. The phase diffusivity was not affectzd by ground
depth and an average phase diffusivity was zssumed.

Therefore each location produced threse wvalues rela
diffusivity (A1, Bl, PH). Two values, &l and Bl define
to represent the amplitude diffusivity., Thus:



D{amp) = Al + B1=%X (3D

where

Dlamp? = amplitude diffusivity at Qiven depth (m*“Z-h)

B = slope of D! line (calculated by Least Squares) (m/h)
* = {sail depth) (m)

Al = intercept of DI line {calculated by L.S.) (m*2/h>

The third valus, PH

i= the average of the phase diffusivities
found at each depth. Thus phass diffusivity is reprecsented as;
D{phase) = PH )

where:

D{phase} = phase diffusivity at given depth (m*“2/h)
PH = sum{ D2 wxluesz 25 (m*Z/h2

2.3.3 Calculating Diffusivity Coefficients
With the alues D{amp) and Di{phase) to account for the

W
irregularities of D1 & D2, the coefficients “bB° and ‘p’ can bs
found to Fit inteo equation ¢2). Sclving Equations ¢3) and (4)

gives;
B/Bo = e*( -X¥sqrt( Pi/D(amp)/87&6 ) ) (7
P-Po = -X#sqrt{ Pi/D{phase)/B74& ) (8
where:
=3 = temperature amplitude at given depth (C)
P = phase shift at given depth
Ea = ftemperature amplitude at icm depth (C)
Po = phase shitt at lcm depth
X = (ground depth - .@81) (m)
Pi = 3.14152%
D{amp) = calculated amplitude diffusivity at given
depth (m*Z<h)
D{phase) = calculated phase diffusivity (m"2/h)
B7454 = number of hours in the vear (h)
but let b = B/Ba and p = P-Po

and therefore:

b
p

e ( —X#¥sqrt{ Pi/D(amp)/8746 ) ) L9
-X¥sqrt( Pi/D{(phase)/ 8744 ) 18>

thus;
T = Ao - b%Bo % cos( 2#%Pi*n/87466 - Po - p) (11

where:

o



temperature of the soil ()

X vground depth -.81) <m)

Fi = 3.14152%

A0 = average =oil temperature at lcm depth ¢
Bo = temperature amplitude at lcm depth (C)

Fo = phase shift at lcm depth

b = ditfusivity amplitude coefficient

F = diffusivity phase coefficient



2.3.4 Correlation of Diffusivity with Degree Days

The values A1, Bl & PH, defined in sectiocn 2.2.2 were compared
against the location’s degree days and ite deep soil tempersture
.2 metre depth). Both of these parametersz are found in HOT-2668

weather +iles. The correlation of diffusivity to deep =soil
temperature was not as consistant as degree days. The model can
only deal with averages, thus wusing the 48 Jlocations as
statistical representations Therfore an exact fit was not
required, Some data was eliminated because it varied too  far

from the normal. Figures 2-4 represent the log of these ualues vs
degree dars.
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The correlations found from figures 2-4 were as follcws:

Al = ( 18°( (-8.748e-5)*DD - 98.8271) )/1@68 7129
Bl (-1.678e-4>%DD - 8.7918) )>/16689 133
PH = ¢ 18°( (~9.371e-5)%DD - 8.5845) )/10960 C1d

]
~
bt
=

»
L)

Al = intercept of D1 line ) <for use in Dlampl)y (m"27h)
Bl = glape of D! iline ($or use in Ciampxy {m~h>

FH = phase diffusivit. tDiphase)) im*2-h)

DO = degree dars of location

2.4 Correlation of Top Soil Temperature to Ambient Air Temperature

Equations 15 244717 will s=timate the soil temperaturs for  any
denth given a temperature prafiie at leom dnu+n. Howewer, this
information iz not availabis considering that the only tfwo
paramefers  available ares the monthlw average ambisnt dry sirc
temperaturs and the JTocation’s hgating degree davs. The logical
referenc: depth s Bem or the surface of the ground. It i= an
incorrect  assumption however to sssume that the temperature at
the surface of the ground will match the ambient air temperature.
ractors such &s snow cover and dirsct zunshine in the summer will
cause the ‘fwo itemperztures to difier. Thus & correlation is
needed to relate the ambient air temperature profile to  the
ground surface profile

Using the Known tempsraturs profile at lcm for sach location
from Techrnical Bulletin 25 and the calculated diffusivity of the
=i ] from degree day correlations, the temperature profile  at
depth Gcm was calculated. Using the lzast squares method az was
used in section 2.3.2, this temperature profile was fitted to =
Ccosine  curve, The ambient air temperaturs profile was alszo
fitted to a cosine curve and the ditference betwesn the &, B & F
values oFf the two curwes are plottad against degree dayvs in Figs.
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fa perfect caorrelation ie not possible given the inexact
correlation between mean air temperature and =ai! tempersature for
reasons outlined earlier. Linear equations were Ffitted to the

plots in Figures S5-7. The resulting equaticns were:

D
_ _ ‘ - g,nce % 837
(2.18%9e—-4)%DD 1.438 + Aa £15) a70‘7

As =

Bs = (1.978e-2)%DD - 7.875 + Ba (14

Ps = (2.128e-5)%DD - 8.8758 + Pa (17 jrcwgw
where: ()YP%JA A 6Nﬂﬂ99€
As = mean temperature at soil surface (O

Bs = temperature amplitude at =oil surface ()

Fz = temperature phase shift at =oil surface

Aa = mean temperature of ambient air (C)

Ba = temperature amplitude of ambient air (£

Pa = temperature phase shift of ambient air

0D = degree dars of location

7.8 Summary

To estimate the temperature profile for any locatian, the only
data required is the monthly average ambient dry air temperature
and the annual heating degree davs

With this information, the model will proceed to fit the
ambient air temperature profile to & cosine curve as described in
section 2.4 Mean temperature, temperature amplitude and phase
chift of the air temperature cosine curve recult in the variables
Az, Ba & Pa respectively.

0



Next the model converts the air temperature profile, to the

ground surface temperature profile. Thiz is achiesved b
converting da, Ba & Pa ta As, Bs &F=s. These variables repracent
the temperature profiisz aof the ground surface. The converzion j<
done by the following correlations: tzee section 2.4 +For

derivation)

As = (9,18%e-4)#DD - 1.4238 + Az
Bs = (1.978e-2)#0D - 7.2875 + Bx
Pz = (2,128e-5)%DD - @.875& + Fa

The aground diffusivity values Al, Bl & PH are determined for z

location by the following correlaticons: fgee section 2.3.94 {for
derivation)

Al o=

180 (-8.748e-S3%00 - §.8271) JKIEEE
Bl = ( 18°¢ (-1.47%e~-4)%DD - @.7913) >-1@08
FH = { 18°¢ (-%.,371e-S1%DD - §.5845) ) 1804

“MNext, the ground denth <m) from the zurface (X» is2 used to
calculate diffusivity values. (zee zection 2.3.% for derivation?

Il

Dlamp ) Al o+ Bl
Diphaze) = PH

With these values, the diffusivity “h° and ‘Y coefficisnts can
now  be found. Meote that ¥ js now from the cround surface rather
than @.81m below around as was the ca in zection Z2.32.2 when all
calculations were done from 9.81m refersnce depth.

B =
I:l

=X*¥sqrt{ Pi/D{amp)~ 873i5 ) 3
K¥eqrti Pi/Diphasel 87&4)

it
|

And thus the fFinal =oil tempeﬁature equatian iz

\ .
o udd - g A mOTao Lo T anm

L
T = ﬁs-+~b*EE € cosl ZEPi#n/ET4E z - p) (
T = temperature of =oil at depth x <
s = mean temperature of soil at surface (C)
Es = =o0il temperature amplitude at surface (IO
ad = decreasze in amplitude for depth x
Fi = 3.1415%Z7
m = number of hours into rear (8744 hourzs/year)
F= = phase angle at surfacs
o] = shift in phase angle for depth x
This equation gssumes  that the ground is of constant
permeability. Alzo the averags monihly zmbient dr» - air
temperature is aszumed to occur at the middle of the menth.

AN error analysis was conducted on the mede] in Appendix B,  OFf
1,728 test pointz at 6.5 - 1.5Sm the maximum error be tween
estimated and actual temperature points was 3,400, The mean
difference between the two wasz ©0.0203¢C) with & standard

L



deviation of 1.8932. This iz within acceptable 1limits of
estimation, considering the model only requires heating degres
dayz, ambient monthly dry air temperature and & user defined =zoil
depth.

ILon amo L w0 “he [mﬁ!\\u(a{ G "'LC e
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APPENDIX A
Fitting Temperature Data to a Cosine Curve
tethod of fitting dat 1;2a fosine curve of the form:
W @wj& &
T = B % cos(2 # Pi * n /8766 - P)

using techniques outlined in Kusuda & Achenbach.

1. 12 monthy average temperatures must be Qiven.

€.g. jan feb mar apr may Jun Jul aug sep oct
1.2 8.4 8.4 2.9 18.3 15.46 17.8 19.2 1&6.7 12.0
theretare t(1) = (.2, t<(2) = 8.9 ...etc

2. To fit menthly data to a cosine curve, it is

temperature given corresponds to the middle of

3.
17
A, = £k
‘1 -
k=1 /.
12
12
2t = LK) % sin¢ 2 #® Pi / 12 % (k-8.53)
k=1 — —
12
cl = tCK) % coz( 2 ¥ Pi / 12 % (K-8.5))
k=1

now

L) CL
=N

aszsumed the

the

# — note (K-@.5) represents the middie of the monfh.

B,= Qﬁ}/xza # zqrt § 212 + c1°2 )

P&= arctan (=i-/cl)

4, The wvariables A, B & P represent regpectively
amplitude and phase chift of the data.
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APPENDIX B
Accuracy of Generated Soil Temperatures

The original 4& locations across Canada, wused to generate the
correlations, were comparsd against model estimated values +or
the depths of @.5m , 1.8m and 1.Sm. These depthsz were chosen,
for the reason that most =arth coupled heat pumps are placed in
this depth regime. Thuz 42 locations X 1Z months X 2 depths gave
a total of 1728 cases to znalwse. ’

A statistical correlation comparing each measured temperature

case to its corresponding =stimated temperature was completed.
The correlation, shown in Figure §, wielded a cslope of B8.745&4%2
and an intercept of 8.2244. The coefficent of correlation was

A.7884, An ideal fit of measured temperature to predicted
temperature would contain a <slope of 1 and 2 correlation
coefficent of 1.6@.

Sorsa ataec Ov Tstimatsg Tescecat.ces To Megsyred Temperatures

eI o mimeme s emr—— ————

E:timated Vemperatures

o rres e s e w 4E e ir G S g e

An  analysis of the difference between sach case qave 2 mean of
-6.8262C with a <standard deviation of 1.68%7&42. The maximum
difference was 3.81C.
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